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A Vaidya spacetime is considered for gravitational collapse of a type II fluid in the context of
Rastall theory of gravity. For a linear equation of state (EoS) for the fluid profiles, the conditions
under which the dynamical evolution of the collapse can give rise to the formation of a naked
singularity are examined. It is shown that depending on the model parameters, strong-curvature
naked singularities would arise as exact solutions to the Rastall’s field equations. The allowed
values of these parameters satisfy certain conditions on the physical reliability, nakedness and the
curvature strength of the singularity. It turns out that Rastall gravity, in comparison to general
relativity (GR), provides a wider class of physically reasonable spacetimes that admit both locally
and globally naked singularities.
PACS numbers:
I. INTRODUCTION
Since the mid-1970s when the singularity theorems were introduced by Hawking and Penrose [1], the study of
gravitational collapse and its final outcome has attracted a great interest in the theories of gravity and relativistic
astrophysics (see also [2]). As these theorems do not say much about the detailed features of the spacetime singularity,
one would like to figure out that under what conditions the collapse can result in formation of a black hole or a naked
singularity. If the latter occurs as the collapse final state, it would be regarded as a counterexample to cosmic censorship
conjecture (CCC) [3, 4]. The CCC is a statement of the causal structure of spacetime during the gravitational collapse
which indicates that the curvature singularities in an asymptotically flat spacetime will always be dressed by the event
horizon of a black hole. Therefore, the singular regions cannot be causally connected to the external regions through
an observer at infinity. This statement is usually referred to as the weak version of the CCC which implies the future
predictability of the spacetime outside the black hole event horizons [5]. Nevertheless, the strong version of the CCC
states that singularities would not be visible to observers unless they actually arrive there (see e.g., [6–9] for reviews
on CCC). Despite the fundamental role the CCC plays in the basic theory and applications of the black hole physics,
possible violation of this hypothesis could be of significant importance.
Notwithstanding several attempts made by many researchers, neither a conclusive proof or disproof nor a precise
and firm mathematical formulation of CCC has been presented up until now leaving this conjecture as one of the most
outstanding unresolved issues in GR. On the contrary, much efforts have been devoted in the past decades to find
and develop exact spacetimes, as solutions to GR, which admit naked singularities as the collapse end product. This
implies a situation for spacetime events where the apparent horizons fail to form as the collapse proceeds towards
the singular region. Consequently, causal curves terminating in the past at the singularity have the chance to reach
the faraway observers thus exposing super-dense regions of extreme gravity to the external universe [10, 11]. In
this context, formation of naked singularities as collapse outcome has been studied within many different scenarios
such as gravitational collapse of a dust cloud [12], scalar fields’ collapse [13–19], gravitational collapse in higher
dimensions [20–26] etc. (for a review see [10, 11]).
Because of the generic singular feature of GR, it is believed that a more fundamental theory of gravity is needed
to replace GR in the high energy regime. An alternative candidate is the quantum theory of gravity which governs
the late time evolution of the gravitational collapse in the vicinity of the classical singularity. It has been shown that
quantum effects resolve the classical singularity and replace it by a quantum bounce [27–30] or by a regular center
eventuated out of an evaporation process [31–33]. If the horizons form before the collapse ends, such a quantum
smeared region cannot be detected by an external observer [34]. Otherwise, quantum gravity effects can be carried
out on the exterior region providing a feasible setting to study the high energy astrophysical phenomena.
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2One of the earliest examples of naked singularity was introduced by Papapetrou [35] by considering the collapse
of a spherically symmetric cloud of radiation (i.e., a null fluid) represented by the Vaidya geometry equipped with a
linear mass function [36]. This model was extended later by generalizing the original Vaidya solution [37, 38], namely,
collapse of null strange quark fluid (NSQF) [39, 40] and N -dimensional Vaidya spacetimes [41], in order to investigate
the validity of the CCC thereon (for more references along this line see e.g., [39, 40, 42–46]). In the context of modified
theories of gravity, violation of the CCC due to formation of a naked singularity was investigated, e.g., in the contexts
of f(R) gravity [47–49]; Brans-Dicke theory [50–52]; Gauss-Bonnet gravity [53–57]; Lovelock gravity [58–60], f(R, T )
gravity [61, 62]; a modified gravity in the presence of spacetime torsion [63–65]; string theory [66–68]; asymptotically
safe gravity [69, 70] and improved Vaidya spacetimes based on renormalization-group [71, 72]. Thereon, it was found
that formation of naked singularities depends on the various features of the theory. Likewise, the connection between
CCC and weak gravity conjecture (WGC) [73] has been studied in [74]. It was argued that if the WGC holds, the
counterexamples to CCC in an asymptotically AdS case [75, 76] are not physical (see [77] for more details). It is
therefore of interest to investigate gravitational collapse in the framework of other theories of gravity with additional
degrees of freedom, which are different from those provided by GR, and search for the possible existence of naked
singularities.
Most of the modified theories of gravity are described by a divergence-free energy-momentum tensor (EMT) which
couples to the geometry in a minimal way [78, 79]. However, it is noteworthy that this property of the EMT, which
leads to EMT conservation law, is not obeyed by the particle production process [80]. Hence, it does not seem
unreasonable to relax the condition on divergence-free EMT and search for a new gravitational theory and investigate
its predictions. As it has been argued by Rastall [81], we can examine the EMT conservation only locally or in a
weak-field regime and this may not hold true in curved spacetimes. Thus, in general, a non-trivial generalization of the
EMT conservation is possible in principle. Based on Rastall’s argument, a simple generalization of GR is to assume
that the covariant divergence of EMT is directly proportional to the derivative of Ricci scalar, i.e., ∇µTµν ∝ ∇νR.
As a result of this modification, there appears a non-minimal coupling between geometry and matter fields [81–83]. In
this sense, the ordinary EMT conservation law is written as ∇µTµν = χ∇νR, where χ is introduced as the coupling
parameter the limiting value χ → 0 of which retrieves GR. An attracting feature of this theory is that the resulting
field equations are much simpler than those of other curvature-matter theories and thus easier to inspect. Recently,
Rastall gravity has attracted renewed interest in the literature due to its fascinating consequences in cosmological
and astrophysical scenarios. For example, in Ref. [84] the charged and uncharged solutions of Kiselev-like black
holes surrounded by a perfect fluid have been obtained. The Kiselev solutions refer to static spherically-symmetric
exact solutions of Einstein field equation with the quintessential matter surrounding a black hole [85]. Interesting and
novel unexpected aspects of the cosmological models in the framework of Rastall theory have been investigated in [86].
In [87–92], it was shown that such a modification of GR is in a good agreement with observations as well as theoretical
expectations. More interestingly, Rastall gravity, in comparison to GR, provides somehow a better compatibility with
the observational data of the matter dominated era and the helium nucleosynthesis [93]. For studies of cosmological
aspects of Rastall gravity, including its consistency with various cosmic eras, the reader can check the Refs. [94, 95].
Likewise, this theory provides a suitable setting to study the gravitational lensing effects [96].
Nevertheless, in a recent paper [97] Visser argued that Rastal gravity is equivalent to GR. In his sight, Rastall
gravity is simply a trivial rearrangement of the matter sector in GR while the geometrical part of the field equations
for both theories are identical. Moreover, having considered the standard variational principle in order to find a
physically conserved EMT, the construction of Rastall EMT from a Rastall action is questionable. Then, to get
the Rastall EMT through the standard variational principle one needs to introduce some non-dynamical background
field [98]. Even if this is feasible, the Einstein-Hilbert action would be unaffected by such construction whatsoever
and the gravity sector remains the same as that of the standard GR. This issue has been dealt with by Darabi et
al. [99] in an objective way. Indeed, according to Visser [97], the Rastall’s definition of EMT is incorrect because the
ordinary EMT differs from the generated effective one. However, Darabi et al. asserted that this argument cannot
be true, as otherwise one could generalize this recipe to all other modified theories of gravity concluding that these
theories can be simply generated by special rearrangements of the Einstein’s field equation, which, of course, is not
true. They further argued that the EMT considered by Visser is not physically relevant while the definition of the
EMT considered in the Rastall theory is the ordinary one. To support their claim, Darabi et al. provided an example
of a well-established f(R) gravity by generalizing the Visser’s approach. After some rearrangements, they concluded
that f(R) theory of gravity can also be written effectively correspondent to GR but not essentially equivalent to it.
From cosmological perspective, the differences between Rastall gravity and GR have been also reported in [100] and
the earlier work [101] which allude to the non-equivalence of these two theories. Moreover, the effects of the Rastall’s
coupling parameter on modeling the static and spherically symmetric distributions of a perfect fluid have been surveyed
in [102], where the properties of a well-known stellar model proposed by Tolman [103] was investigated. Therein,
it was shown that, in most of the case studies, Rastall theory remains well-consistent with the basic requirements
for physical reliability of the model while the GR theory exhibits defective behavior. The findings of this study and
3the similar works in Refs. [104–106] show that the Rastall’s coupling parameter can act as a mathematical tool to
compensate for the shortcomings of the standard GR. However, despite all comments for and against Rastall gravity,
the question of its non-equivalence to GR is still under debate and more investigations are needed.
Recently, gravitational collapse of a spherically symmetric homogeneous perfect fluid in Rastall gravity has been
studied in [107]. Therein, by considering a FLRW metric for the interior spacetime of the collapsing body equipped
with a linear EoS for fluid profiles, it was found that for certain values of EoS parameter naked singularities can arise
as collapse end state whereas in GR the same matter profiles lead to the black hole formation. Moreover, it was shown
that, in contrast to GR, an exterior Schwarzschild black hole can form as the collapse end state with a non-vanishing
fluid pressure. Motivated by these results and also the arguments provided by the paragraphs above, our aim in the
present work is to study gravitational collapse of a null fluid within the framework of Rastall gravity and examine the
conditions under which the model parameters allow the formation of a naked singularity. The class of spacetimes that
are natural candidates for modeling of such type of matter fields are the generalized Vaidya spacetimes. The matter
field in these spacetimes have two components: a general type-I matter field and a type-II matter field describing
the zero rest mass fields (null radiation). Our analyses will show that, in Rastall gravity, there can be found a wider
class of physically reasonable spacetimes admitting naked singularities and hence more counterexamples to the CCC
in comparison to the case of GR.
Our paper is then organized as follows: In Sec. II we will present the field equations for the Vaidya spacetime in
the presence of a null fluid within the context of Rastall gravity. In Sec. III we will establish the physically reasonable
conditions for the dynamical evolution of the collapse within our model. Our main concern in this section will be to
investigate the required circumstances for the formation of naked singularities as collapse outcome. Finally, in Sec. IV
we will provide the conclusions and discussions of our work.
II. GRAVITATIONAL COLLAPSE IN RASTALL GRAVITY
The field equations of Rastall theory are given as [81, 88]
Gµν + γgµνR = κTµν , (2.1)
where γ = κχ is the Rastall dimensionless parameter and κ is the Rastall gravitational coupling constant. By
introducing an effective EMT, T effµν :
T effµν := Tµν −
γT
4γ − 1gµν , (2.2)
the equation above can be rewritten in an equivalent form as
Gµν = κT
eff
µν , κ =
4γ − 1
6γ − 18piG. (2.3)
where G is the universal gravitational constant and the last expression comes from the Newtonian limit of the Rastall
theory [81, 108, 109]
For a spherically symmetric collapse of a null fluid we consider the Vaidya metric in Eddington-Finkelstein coordi-
nates as
ds2 = −
(
1− 2m(r, v)
r
)
dv2 + 2drdv + r2dΩ2, (2.4)
where m(r, v) is the mass function related to the gravitational energy confined within the radius r and dΩ2 =
dθ2 + sin2 θdφ2 is the standard metric on a unit two-sphere. For  = +1, the null coordinate v is the Eddington
advanced time for which the r coordinate is decreasing towards the future along a ray with v = const. and represents
a congruence of ingoing light rays. Likewise, the case  = −1 represents a congruence of outgoing light rays.
The EMT of the collapsing body is assumed to be given by a two-fluid system as
Tµν = T
(n)
µν + T
(m)
µν , (2.5)
where
T (n)µν = σnµnν , (2.6)
T (m)µν = (ρ+ p)(nµ`ν + nν`µ) + pgµν . (2.7)
4The first relation, T
(n)
µν , denotes the EMT of a null radiation which corresponds to the component of the matter field
moving along the null hypersurfaces v = const., while the second relation, T
(m)
µν , is the EMT of an ordinary matter.
By considering a congruence of ingoing light rays (i.e., by setting  = +1), we define the vectors nµ and `ν as two null
vector fields
nµ = δ
0
µ , `ν =
1
2
[
1− 2m(r, v)
r
]
δ 0ν + δ
1
ν , nλn
λ = `λ`
λ = 0, nλ`
λ = −1. (2.8)
Let us assume that the EoS of the two-fluid system is of the form p = wρ. Setting this in the field equation (2.3)
we arrive at a second order differential equation for m(r, v). By solving this equation we get the following relations
for the mass function:
m (r, v) =

αF1(v)r
β +M(v), if γ 6= 2w−12(1+w) ,
F1(v) ln(r) +M(v), if γ =
2w−1
2(1+w) ,
(2.9)
where, F1(v) and M(v) are two arbitrary functions of integration and β and α are defined by
β(γ,w) = −1− 2(1− w)
2γ(1 + w)− 1 =:
1
α(γ,w)
. (2.10)
In case p = ρ = 0, the EMT (2.5) reduces to that of a pure radiation fluid. For this particular case we have F1(v) = 0
and the original Vaidya solution with the mass m(r, v) = M(v) is retrieved [37]. Moreover, for p = ρ and γ 6= 1/4,
we have β = −1 and the solution (2.9) reduces to the Bonnor-Vaidya charged solution [110]. We also note that in the
limit γ → 0 this solution reduces to
m (r, v) =
M(v)−
F1(v)
(2w−1)r2w−1 , if w 6= 12 ,
M(v) + F1(v) ln(r), if w =
1
2 ,
(2.11)
which is general relativistic limit of the theory [42]. By projecting the effective EMT into the orthonormal basis:
e(a)µ =

√
2
2
(
3
2 − mr
) − 1√
2
0 0
√
2
2
(
3
2 +
m
r
)
1√
2
0 0
0 0 r 0
0 0 0 r sin θ
 , (2.12)
we find that T eff(a)(b) ≡ e(a)µe(b)νT effµν takes the form
T eff(a)(b) =

σ˜
2 + ρ˜
σ˜
2 0 0
σ˜
2
σ˜
2 − ρ˜ 0 0
0 0 p˜ 0
0 0 0 p˜
 , (2.13)
which is the EMT of a type II fluid as defined in Ref. [2].
As we discussed earlier, the CCC is a fundamental cornerstone of black hole physics. As noted by Penrose [3, 4],
the key idea behind the CCC is the physically reasonableness, that is, a complete gravitational collapse of physically
reasonable matter fields always leads to the formation of a black hole rather than a naked singularity. It is there-
fore generally expected that naked singularities must be developed under reasonable physical conditions on matter
sources, otherwise, these singularities cannot be taken as serious counterexamples to CCC [10, 11, 111]. Despite the
arbitrariness of the functions F1(v) and M(v) in our solution (2.11), they should be chosen carefully so that the mass
function m(r, v) provides a physically reasonable EMT (2.13) satisfying certain conditions on positivity of matter en-
ergy density and its dominance over the pressure. These requirements which are conventionally referred to as energy
conditions are summarized as weak, null, strong and dominant energy conditions.
The weak energy condition (WEC) asserts that for all timelike vector fields vµ, the EMT has to satisfy Tµνv
µvν ≥ 0.
This implies that the energy density as measured by any observer is locally non-negative [2, 112]. For the EMT (2.13)
the WEC gives rise to the following constraints [2, 113]
σ˜ ≥ 0, ρ˜ ≥ 0, p˜ ≥ 0. (2.14)
5The WEC implies the null energy condition (NEC) which states that Tµνk
µkν ≥ 0 for all null vector fields kµ [112].
Likewise, the dominant energy condition (DEC) requires that for any future-directed timelike vector field vµ,
Tµνv
µvν ≥ 0 and the quantity Tµνvµ, which is the matter’s momentum density measured by an observer with
the four-vector velocity vµ, is neither past-directed nor spacelike. Physically, this condition implies that the local
energy flow cannot travel faster than light. In terms of the effective EMT (2.13), the DEC leads to the following
inequalities [2, 113]:
σ˜ ≥ 0, ρ˜ ≥ p˜ ≥ 0. (2.15)
Finally, the strong energy condition (SEC) states that
(
Tµν − 12Tgµν
)
vµvν ≥ 0 for any time like vector field vµ. From
physical point of view, this condition is interpreted as the attractive nature of gravity. We also note that both WEC
and SEC are identical for a Type II fluid. For a physically reliable collapse scenario here, we thus require that the
mass function m(r, v) is suitably chosen so that the energy conditions (ECs) (2.14) and (2.15) are respected. This
would constrain the statements for F1(v) and M(v) as well as the parameters γ and w.
Using the mass function (2.9) we can rewrite the effective profiles as
σ˜(r, v) =
2(6γ − 1)
(4γ − 1)r2
(
M˙(v) + αrβF˙1(v)
)
, (2.16)
ρ˜(r, v) =
2(6γ − 1)
4γ − 1 F1(v)r
β−3, (2.17)
p˜(r, v) =
(1− β)(6γ − 1)
4γ − 1 F1(v)r
β−3, (2.18)
where γ 6= 16 and γ 6= 14 . Moreover, we have set the units where 8piG = 1. As we shall consider in Subsec. III A, the
mass function (2.9) is a growing function due to the inward flow of null fluid. We therefore take the functions F1(v)
and M(v) to be positive and increment in v. Then, to satisfy the ECs, the coefficients of these functions and their
derivatives are required to be positive. Now, following the arguments above together with the conditions (2.14) and
(2.15) the pair {γ,w} are constrained to the following sets of ranges:
{γ,w} ∈
4∨
i=1
Si , (2.19)
where, Si’s are given by
S1 =
{
γ <
1
6
and wγ ≤ w < w˜γ
}
,
S2 =
{1
4
< γ <
1
2
and w˜γ < w ≤ wγ
}
,
S3 =
{1
2
≤ γ < 1 and w > w˜γ
}
,
S4 =
{1
2
< γ ≤ 1 and w ≤ wγ
}
, (2.20)
where, for any given value of γ, the parameters wγ and w˜γ are constants and are defined by
wγ := − 2γ
2γ − 1 , w˜γ := −
1 + 2γ
2(γ − 1) . (2.21)
III. THE STATUS OF FINAL SINGULARITY
The formation of naked singularity or black hole and the conditions under which any of these two outcomes would
occur are of great significance in the study of gravitational collapse. The occurrence of these outcomes can be examined
via investigating the behavior of outgoing light rays in the neighborhood of the singular region. In particular, if there
exist families of null geodesics terminating at the singularity in the past, whose tangent vectors are positive-definite,
the singularity can be revealed to the exterior observer by meeting such curves. Otherwise, the singularity would be
covered through a black hole horizon. Nevertheless, existence of such rays do not guarantee that the singularity will
be certainly naked. Indeed, to reach the exterior universe, it should be ensured that these outgoing rays will not be
6trapped within their journey due to formation of apparent horizons. This requires a careful analysis of the evolution
of trapped surfaces prior to formation of the singularity.
Motivated from paragraph above, our aim in this section will be studying the conditions under which the collapse
scenario of a two-fluids system in Rastall gravity leads to the formation of a naked singularity. To be more concrete,
the required properties for our collapsing model to be qualified in the sequel are:
(i) The effective EMT of the two-fluid system should satisfy the energy conditions so that its associated parameters
{γ,w} satisfy the ranges (2.19);
(ii) there should exist at least one non-negative, real root for the null geodesic equation (3.13): in fact, such roots
are tangents to null geodesics originating from the singularity (cf. Subsec. III A);
(iii) the tangent vectors to the radial null geodesics, (dv/dr)r,v=0, should be smaller than the slope of trapping
surfaces, (dv/dr)AH, (cf. Eq. (3.19)) in the vicinity of the singularity. This ensures that the outgoing null
geodesics will not be trapped due to the formation of apparent horizons.
(iv) and finally, the emergent singularity at the collapse end state should be gravitationally strong so that the
extension of spacetime through it cannot be possible.
Once the conditions above are fulfilled, we will provide in Subsec. III B, a numerical analysis of the physically
relevant solutions for the herein collapse model and study the situations where a naked singularity can form as the
collapse end product.
A. Existence of outgoing radial null geodesics
The situation being considered here is that of a Vaidya spacetime (2.4) with a radially injected flow of radiation
in it initiating from an empty region of Minkowski spacetime [10, 11]. The radiation could have emerged from a
central singularity at r = 0, v = 0 in the past with a growing Vaidya mass m(r, v). Hence, the Vaidya mass m(r, v)
is an arbitrary non-negative increment function of the radial coordinate and the advanced time. The first step in
manifestation of the singular region is the existence of outgoing non-spacelike geodesics originating from the singularity.
In [114, 115], it is shown that if a future-directed radial null geodesic does not emanate from the singularity, then
a future-directed causal (excluding radial null) geodesic does not either. Hence, for our purpose here, it suffices to
consider only radially outgoing future-directed null geodesics originating at the singularity. Let us define ζµ = dxµ/dη
where xσ = (v, r, θ, φ), as the tangent to null geodesics with η being an affine parameter. The null condition ζµζµ = 0
for radial geodesics [ζµ] = (ζv, ζr, 0, 0) gives(
1− 2m
r
)
(ζv)
2 − 2ζvζr = 0, (3.1)
whereby defining ζv = Q(r, v)/r, with Q(r, v) being an arbitrary function [10, 45], we get the following relation for ζr
as
ζr =
(
1− 2m
r
)
Q
2r
. (3.2)
It is now useful to define tangent to the radial null geodesics given by the following relation [10, 38, 45]
Z ≡ ζ
v
ζr
=
dv
dr
=
2r
r − 2m. (3.3)
Indeed, for any family of non-spacelike curves meeting the singularity, the tangents to the curves are definite [38].
This means that the parameter Z given in the limit r = 0, v = 0:
Z0 := lim
v,r→0
Z =
(
dv
dr
)
v,r=0
, (3.4)
is well-defined at the singularity. For the given metric (2.4), Eq. (3.4) becomes
Z0 =
2
(1− 2m′0)− 2m˙0Z0
, (3.5)
7where we have defined
m˙0 :=
(
∂m
∂v
)
v,r=0
and m′0 :=
(
∂m
∂r
)
v,r=0
. (3.6)
The status of final singularity is determined by the characteristic (limiting) parameter Z on the singular geodesics.
This is given by solving the quadratic equation (3.5) for Z0:
2m˙0Z
2
0 − (1− 2m′0)Z0 + 2 = 0. (3.7)
We thus obtain
Z0 =
1− 2m′0 ±
[
(1− 2m′0)2 − 16m˙0
] 1
2
4m˙0
. (3.8)
Now, to determine the limiting parameter Z0 we should specify the mass function m(r, v) in equation above.
A suitable choice for the mass function m(r, v) and its partial derivatives ensures the existence of the well-defined
solutions for the tangents Z0 to the null geodesics in the vicinity of the singularity. To be more precise, positive-
definiteness of the Z0 in Eq. (3.8) implies that the partial derivatives of the mass function should exist and be
continuous on the entire spacetime of the collapse. Moreover, they should hold the conditions (1− 2m′0)2− 16m˙0 ≥ 0
and m˙0 > 0 (provided by the requirement that m˙ 6= 0 and the weak energy condition σ(r, v) > 0 is satisfied) at the
central singularity. Having the solutions for Z0 with the properties above guarantees the existence of families of future
directed non-spacelike trajectories that can reach faraway observers in spacetime.
In order to determine the tangents Z0 we then proceed with computing the mass function m(r, v) in the limit
when the singularity is reached. In particular, we follow Ref. [10] and consider an influx of null fluid collapses to the
singularity, where the first shell arrives at r = 0 at time v = 0 while the last shell arrives at v = v0. We further
consider a situation where the radial null fluid starts its evolution, for v < 0, from an initially empty region of the
Minkowski spacetime where m(r, v) = 0. For v > v0 we would have a Schwarzschild spacetime with a constant mass
m(r, v) = M0. Then, the suitable expressions for the arbitrary functions F1(v) and M(v) can be given by
F1(v) :=
 0 , if v < 0 ;ξv1−β , if 0 ≤ v ≤ v0 ;
0 , if v > v0 ,
(3.9)
and
M(v) :=
 0 , if v < 0 ;λv , if 0 ≤ v ≤ v0 ;M0 , if v > v0 , (3.10)
where, λ and ξ are some constants. Using this choice in Eq. (2.9) gives the mass function as
m(r, v) =

0 , if v < 0 ;
ξ
β v
1−βrβ + λv , if 0 ≤ v ≤ v0 ;
M0 , if v > v0 .
(3.11)
The limiting values for the partial derivatives of the mass function (3.11) in the vicinity of the singularity now read
m′0 = ξZ
1−β
0 and m˙0 = λ+
1− β
β
ξZ−β0 . (3.12)
By replacing m′0 and m˙0 from equation above into the Eq. (3.8) we get the root equation as
2ξ
β
Zn0 + 2λZ
2
0 − Z0 + 2 = 0, (3.13)
where
n(γ,w) := 2− β(γ,w) . (3.14)
Eq. (3.13) is indeed an algebraic equation whose solutions represent the behaviour of the outgoing null rays responsible
for revelation of the central singularity to the exterior universe. To find the desired solutions to this equation we first
8need to determine the exponent n(γ,w) due to the physically reasonable ranges of parameter {γ,w}. This follows
from qualification of the remaining conditions (i.e., items (iii) and (iv)) listed at the beginning of this section.
So far we have established, due to Eq. (3.13), a situation for the existence of outgoing null rays, through positive-
definite tangent Z0, as a functor for revelation of the spacetime singularity. However, this does not guarantee the
nakedness of the final singularity. Indeed, if apparent horizons form early enough prior to the singularity formation, the
outgoing rays will be trapped and the singularity would be covered by a black hole horizon. To avoid such situations,
our task would be now to set up an evolution equation for the trapping horizons and examine circumstances for the
null geodesics to stand outside the trapped region. To this aim we first write the expansion parameters along the null
vector fields nν , `µ as [116, 117]
Θ`(r, v) =
r − 2m(r, v)
r2
, Θn(r, v) = −2
r
. (3.15)
For spheres in r < 2m(r, v) region, we get both expansions to be negative. Such spheres are known as trapped surfaces
whose union form a trapped region. Thus, apparent horizon is the boundary of the trapped region and is defined by
the conditions
Θ` = 0 and Θn < 0. (3.16)
From this, the equation for the apparent horizon can be written in the form
2m(r, v) = r. (3.17)
Now, we can calculate the slope of apparent horizon in the limit where the singularity is approached. By differentiating
Eq. (3.17) we obtain 2dm(r, v) = dr, which can be written as
m˙(r, v)
(
dv
dr
)
AH
+m′(r, v) =
1
2
. (3.18)
Here, the term (dv/dr)AH represents the tangent to the trapping surfaces. Therefore, by solving the above equation
for the slope of apparent horizon, X0 ≡ (dv/dr)AH, in the limit where v, r → 0 (i.e., as the singularity is approached),
we get
X0 =
1− 2ξZ1−β0
2λ+ 2ξβ (1− β)Z−β0
. (3.19)
In derivation of equation above, we have used Eq. (3.12) for the values of m˙0 and m
′
0 in the vicinity of the singularity.
Therefore, once a positive solution of Z0 is given due to Eq. (3.13), the slope of the apparent horizon, X0, would be
determined. If the tangents to the outgoing null geodesics are smaller than the slope of the apparent horizon in the
vicinity of the central singularity, i.e. Z0 < X0, then the outgoing rays will lie outside the trapped region and the final
singularity would be naked. Depending on the qualified values of parameters {γ,w, ξ, λ}, in Subsec. III B, we will
provide analyses to examine the existence of our favorite solutions satisfying the condition Z0 < X0 for the nakedness
of the spacetime singularity.
Next, we proceed to examine the curvature strength of the spacetime singularity. According to Tippler [118], an
important test of the physical significance of a spacetime singularity is its curvature strength. Indeed, if singularity
is gravitationally weak, then, extension of the spacetime through it may be possible. On the contrary, when a strong
curvature singularity forms, the gravitational tidal forces associated with it are so strong that any object trying to
cross it gets destroyed. Therefore, as argued by [119], the extension of spacetime becomes meaningless for such a
strong curvature singularity for which all the objects terminating at it shrink to zero size. In order to estimate the
curvature strength of the singularity we consider a congruence of null geodesics parameterized by the affine parameter
η that terminate at the singularity. Then, the singularity would be gravitationally strong if the following condition
holds [120]:
ψ = lim
η→0
η2Rµνζ
µζν > 0. (3.20)
To compute the quantity above, we consider the required components for the Ricci tensor as
Rvv = (2m− r)m
′′
r2
+
2m˙
r2
,
Rvr =
m′′
r
. (3.21)
9Then, using this together with the tangent vector field ζµ through Eq. (3.20) we get
ψ = lim
η→0
2m˙(r, v)
(
Qη
r2
)2
= 2m˙(r, v) lim
η→0
(
dv
dη
)2
η2
r2
. (3.22)
Using now the l’Hoˆpital’s rule in equation above, we get the following expression in the limit of approach to the
singularity as
ψ = m˙0 lim
η→0
(
dv
dr
)2
= 2m˙0Z
2
0 . (3.23)
Now, by setting m˙0 from Eq. (3.12) into equation above, we obtain
ψ = 2λZ20 +
2ξ
β
(1− β)Z2−β0 . (3.24)
It therefore follows that depending on the model parameters, ψ can be positive and the strong curvature condition
(3.20) is satisfied. We shall examine the behavior of this parameter in the next subsection.
B. Numerical results and fate of the singularity
Once the conditions (i)–(iv) are met, the herein model for null fluid collapse in Rastall gravity is qualified whose
central singularity can be visible to a distant observer.
For the existence of the outgoing radial null geodesics reaching the faraway observers, Eq. (3.13) should admit real
positive roots depending on the physically reasonable values of parameters {γ,w, ξ, λ}, generating a 4-dimensional
space whose allowed regions are subject to fulfillment of the conditions (i)-(iii). In particular, to satisfy condition (i),
we demand that the pair (γ,w) should fulfill the bounds given in Eq. (2.19). We therefore have a two dimensional
slice, as shown in Fig. 1, which represents the domain of validity of energy conditions. For the red region, the second
and third inequalities in Eq. (2.14) and the second one in Eq. (2.15) are satisfied while the gray one stands for validity
of the first inequalities of both conditions. Therefore, the intersection of these two regions, as shown by the striped
region, encompasses the condition Eq. (2.19).
In order to determine the degree n(γ,w) (which is associated to β(γ,w) through Eq. (3.14)) of the algebraic equation
(3.13), we need to find suitable ranges of values for {γ,w} following the numerical analysis presented in Fig. 1. The
simplest choices for the exponent n(γ,w) are n = 1 and n = 2 for which the corresponding EoS parameters read,
respectively
w =
2γ
1− 2γ , (n = 1), (3.25)
w =
1 + 2γ
2(1− γ) , (n = 2). (3.26)
The values of parameters {γ,w} satisfying the equations above constitute two curves in Fig. 1 (the black solid curve
for n = 1, and the blue curve for n = 2) that lay on the border of the striped region. Then, to fulfill the condition
(i), the allowed values of n(γ,w) are all those curves that lie between the blue and the black solid curves. We note
that for n = 2 (or identically β = 0), the parameter α(γ,w) (cf. Eq. (2.10)) is not defined, so we neglect this case1.
We therefore require that n holds the range 1 ≤ n(γ,w) < 2.
The case n = 1 (or identically β = 1), corresponds to a vanishing effective pressure p˜ for the fluid (cf. Eq. (2.18)).
In this case, Eq. (3.13) reduces to a quadratic equation:
2λZ20 + (2ξ − 1)Z0 + 2 = 0, (3.27)
1 In fact, this case should be studied separately within the second solution of Eq. (2.9) for the mass function. However, by using the
chosen functions (3.9) and (3.10) this solution leads to an undefined value for the m˙ in the limit where the singularity is approached.
This implies that, in order to study the case β = 0, we need to consider the free functions F1(v) and F2(v) different from those we have
considered herein this work.
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FIG. 1: The allowed values of the Rastall parameter γ and the EoS parameter w that respect the ECs. The stripped region
represents the intersection of gray and red regions for which all the ECs are fulfilled. The vertical dashed line represents the
GR limit of the model, and the horizontal dashed lines display specific values of EoS parameter so that for the line segment
AB we have 0 ≤ w < 1
2
.
whose solutions are
Z±0 =
1− 2ξ ± [1− 16λ− 4ξ + 4ξ2] 12
4λ
. (3.28)
By substituting the solutions above into the Eq. (3.19) we find the slope of the apparent horizon as
X0 =
1− 2ξ
2λ
. (3.29)
Then, the conditions (ii) and (iii) demand the following restrictions on the pair {λ, ξ}:
0 < ξ <
1
2
, and 0 < λ ≤ 1
16
(
4ξ2 − 4ξ + 1) . (3.30)
The solution (3.28) looks similar to the solution presented in Ref. [38] for a general relativistic model (being identical
to our model with γ = 0). However, unlike their fluid model with a zero pressure, in our model (i.e., for γ 6= 0) only
the effective pressure p˜ vanishes while the fluid itself can contain non-vanishing pressures. This is a consequence of
the mutual interaction between spacetime and matter which shows itself as the non-minimally coupled term within
the field equations with Rastall parameter γ being the strength of such coupling.
Let us now study other possible solutions to the equation (3.13) for the cases in which 1 < n(γ,w) < 2. As an
example, let us consider the case n = 5/4. The EoS then reads
w = − 1 + 14γ
2(7γ − 4) . (3.31)
In Fig. 1 we have plotted the EoS parameter as a function of Rastall parameter (see the black dashed curve in the
striped region). We observe that some values of {γ,w} lie within the striped region for which the condition (i) is
satisfied. Now Eq. (3.13) can be re-expressed as
8ξZ0
5/4 + 6λZ0
2 − 3Z0 + 6 = 0. (3.32)
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FIG. 2: Behaviors of the tangents to the radial null geodesics (i.e. Z0) and the apparent horizons (i.e. X0), and the parameter
ψ, in terms of the parameter λ. Left panel: for the choice of values ξ = 0.099 and n = 5/4. Right panel: for the choice of
values ξ = 0.012 and n = 7/4. In both plots, we have Z0 < X0 and ψ > 0.
The equation above cannot be solved analytically; thus, we proceed with finding the roots numerically. By doing so,
we arrive at a three-dimensional parameter space constructed by (Z0(λ, ξ), λ, ξ). The left panel in Fig. 2 represents
the numerical solutions for Eq. (3.32) (black solid curve) along with the expression (3.19) (dashed curve) in terms of
the parameter γ. We observe that 0 < Z0 < X0 so the conditions (ii) and (iii) are satisfied which implies that the
central singularity will be naked as the collapse final state.
As another example, let us consider the case where n = 7/4. The EoS for this case reads
w = − 3 + 10γ
2(5γ − 4) , (3.33)
which corresponds to the black dot-dashed curve in Fig. 1. The Eq. (3.13) for n = 7/4 can be rewritten then:
8ξZ0
7/4 + 2λZ0
2 − Z0 + 2 = 0. (3.34)
For a fixed value of ξ > 0, numerical solution to the equation above reveals that the tangent to the radial null geodesics
(black curve) is positive for the ranges of parameter λ > 0 (cf. the right panel in Fig. 2). Moreover, this tangent
is smaller than the slope of apparent horizon (dashed curve) in the limit of singular node, hence, the conditions (ii)
and (iii) are fulfilled. We further note that for all the cases above we have λ > 0 and ξ > 0 for F1(v) and M(v) to
be positive, increasing functions of the advanced time. Therefore, in order that ψ > 0 in Eq. (3.24), the condition
0 < β(γ,w) ≤ 1 must be fulfilled. Clearly this happens for the range of the exponent 1 ≤ n(γ,w) < 2 for which
the condition (iv) (cf. Eq. (3.20)) is satisfied (cf. the dot-dashed curve within the both panels of Fig. 2). Thus the
central singularity is gravitationally strong, and hence we are led to the physically reasonable solutions for the naked
singularity formation as the collapse end state in our herein model.
Another interesting feature of the present model that begs more consideration is its general relativistic limit (i.e.
when γ = 0). For this case we get the components of Eq. (2.5) in the limit γ → 0 as
σ
∣∣
γ→0 = σ0 =
2M˙
r2
+
2F˙1
1− 2wr
−(1+2w), ρ
∣∣
γ→0 = ρ0 = 2F1r
−2(1+w), p
∣∣
γ→0 = p0 = 2wF1r
−2(1+w). (3.35)
By imposing the ECs (2.14) and (2.15) into the second and third relations of the equation above we get a constraint
on w as 0 ≤ w ≤ 1. In addition, by considering the free functions F1(v) and M(v) as defined in Eqs. (3.9) and (3.10),
we get the density of the pure radiation field as
σ0 =
2λ
r2
+
2ξw
r2(1− 2w)
( r
v
)1−2w
. (3.36)
Since λ > 0 and ξ > 0, the condition σ0 ≥ 0 requires that w < 1/2. Thus, all the ECs are satisfied for 0 ≤ w < 1/2.
This allowed range of the EoS parameter w is presented by the line AB connecting the green points in Fig. 1. We
therefore observe that in Rastall theory, there exists a wider range for w with respect to GR (i.e. −1 < w < 1/2 for
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FIG. 3: Behavior of radial null geodesics in the vicinity of the singular region (jagged line) for ξ = 0.099 and λ = 0.091 and
C0 = 10000. The black solid line represents the apparent horizon curve the vertical red line indicates the event horizon. We
have chosen the values of the pair (γ,w) from the dashed curve of Fig. (2).
γ < 0 and w < −1 for γ > 0) due to which the gravitational collapse of a physically reasonable null fluid can end up
with formation of a naked singularity. Since the Rastall parameter can be interpreted as a measure of non-conservation
of the EMT, or in view of Eq. (2.2) as the strength of the mutual interaction between the geometry and matter, one
can intuitively imagine that such a non-conservation goes in favor of a naked singularity formation rather than a black
hole formation.
IV. CONCLUDING REMARKS
In the present work we studied gravitational collapse of a type II fluid in the framework of Rastall gravity. By
considering a particular choice for the Vaidya mass m(r, v), we observed that depending on the model parameters
{γ,w, ξ, λ}, strong curvature naked singularities could emerge as the collapse final states. The nakedness of these
singularities were examined by pursuing the radial null geodesics terminating in the past at the central singularities
with positive tangents to the geodesic curves, (dv/dr)v,r=0 (cf. Eqs. (3.8) and (3.13)). However, the existence of such
geodesic curves could not necessarily imply that the singularities are naked, as these curves might be turned back to
the singularity from their starting points due to formation of apparent horizons. To deal with this issue, we computed
the tangent to the apparent horizon, (dv/dr)AH (cf. Eq. (3.19)), in the limit where the singularity is reached. It
was observed that for the certain values of the model parameters, the tangents to the apparent horizons are larger
than those of the geodesics, hence, the radial null geodesics could emerge from the singularities standing outside the
trapped regions so that they could arrive in the exterior universe by remaining untrapped.
By fixing the conditions above, the solutions generating naked singularity were classified through the parameter
n(γ,w) whose values were subject to the fulfillment of the ECs. A particular solution (i.e. the case n = 1) was found
for which the collapse scenario ends in a naked singularity whose null fluid matter field displayed an effective dust-like
behaviour. Despite the vanishing effective pressure profile (induced by Rastall gravity modifications), the fluid itself
had nonzero pressure. This is a consequence of the non-minimal coupling between geometry and matter through the
Rastall parameter γ 6= 0.
As discussed in Sec. III A, the Vaidya mass we considered in this work was an increment mass function of the
coordinates (v, r) initiated from an empty Minkowski spacetime (see Eq. (3.11). Its arbitrary functions were chosen
as F1(v) = ξv
1−β and M(v) = λv (cf. 3.9) and (3.10). However, if we chose instead the two different free functions
as F1(v) = a0/2 and M(v) = 0 with a0 being a constant, then the mass function would become m(r) = (a0/2)r, with
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the effective density profiles:
ρ˜ =
a0
κr2
, p˜ = σ = 0, p =
2γ
1− 2γ ρ =
2a0γ
κr2
. (4.1)
This solution represents the gravitational field of a monopole [121]. The gravitational collapse of a monopole and the
situation where naked singularities can form have been studied in Refs. [10, 11]. It is also remarkable that the static
limit of the solution (2.9) is obtained by setting the free functions to be constants as F1(v) = F0 and M(v) = M0.
Then, by using the coordinate transformation dt = dv − dr/(1 − 2m(r)/r) one can recast the metric (2.4) into the
Schwarzschild coordinates as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2, f(r) = 1− 2M0
r
− 2αF0
rβ−1
. (4.2)
By comparing the solution (4.2) with the results of Ref. [84] we observe that for the choice of parameter w = (1+3ωs)/2,
as a relation between the EoS of the two-fluids system and the barotropic EoS for the surrounding field, within the
herein Rastall gravity inspired collapse, the uncharged Kiselev-like black hole solutions surrounded by a perfect fluid
are recovered.
Finally, we examine the local versus global nakedness of the spacetime singularity. By considering the solution
(3.11), we find that the spacetime is self-similar admitting a homothetic Killing vector field [10]:
Kµ = r
∂
∂r
+ v
∂
∂v
, (4.3)
which satisfies the condition £Kgµν = 2gµν . We can therefore define a conserved quantity along the radial null
geodesics as
rζr + vζv = const. (4.4)
Thereby, we get the components of ζµ as
ζv =
2C0r
2r2 − v (r − 2m) , ζ
r =
C0(r − 2m)
r(2r − v) + 2mv , (4.5)
where the constant of motion is denoted by C0. Fig. 3 represents the numerical plot of behavior of the vector fields
(ζv, ζr) within the v − r plane where the black solid line displays the location of the points satisfying the apparent
horizon equation (3.17). The slope of this line is given by Eq. (3.18). The apparent horizon develops to meet the red
line at which dv/dr →∞. This line through which the outgoing null geodesics can never escape, displays the location
of the event horizon that forms for v > v0 and r = 2m(r, v) = 2M0 = constant. It should be noted that for v > v0 all
the points to the left of the red line are out of the causal contact with the future null infinity (I +) while the points
to the right are. We can find a congruence of outgoing light rays emanating from the singular point at (r, v) = (0, 0)
with an initial slope being smaller than that of the apparent horizon. However, these rays will be captured later on by
the pull of gravity and will fall into the curvature singularity, hence, the singularity in this case would be visible only
to its neighboring observes. In other words, the singularity in this case is locally naked and the strong version of CCC
is violated. We further observe that there exist families of radial null geodesics which emerge from the singularity
with Z0 < X0 and will escape to I +. In this case, the spacetime possesses a globally naked singularity, i.e., an
ultra-dense region of the extreme gravity can be detected by faraway observers and consequently the weak version of
CCC is violated. We therefore conclude that Rastall theory of gravity can also provide a framework which leads to
the remarkable solutions for occurrence of strong curvature naked singularities being counterexamples to the CCC.
As final remarks, we would mention that the collapse of a homogeneous perfect fluid in Rastall gravity has been
studied earlier in Ref. [107] where it was shown that both naked singularities and black holes can form as the collapse
outcome but for different values of the model parameters from those of GR. However, our attempt in the present work
was to explore other features of the collapse process in Rastall gravity by considering a different type of matter field
from those assumed in Ref. [107]. We obtained a class of spacetimes with a generalized Vaidya metric describing a
spherically symmetric collapse of a combination of Type I and Type II matter fields in an initially empty region of
Minkowski spacetime. We further found that both locally and globally naked singularities can be born as the collapse
outcome for a wider range of model parameters in comparison to those of GR. These solutions can be generalized
further to the cases of NSQF [39, 40] as well as the higher dimensional Vaidya spacetimes [41]. In the former, one may
consider the EoS of strange quark matter, i.e. p = wρ+b, where b is a parameter related to the bag constant [122, 123].
In the GR framework, the bag constant contributes to the generalized Vaidya mass similar to a cosmological constant
[39, 40]. Hence, exploring these two cases can be of interest in view of possible impact of mutual matter-geometry
interaction on the final fate of gravitational collapse of NSQF and also the relation between such an interaction with
higher-dimensions. The results of future investigations on these issues will be reported as an independent work.
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